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Abstract 
The degradation of steady plumes is controlled by the interplay between large scale advection and transverse 
dispersion. Under the assumption of instantaneous reaction some analytical solutions for the concentration field can 
be derived. Modeling the hydraulic conductivity K as a random variable, the velocity V and concentration C fields are 
also random, and we aim at representing the concentration through its first two statistical moments, the mean and the 
variance. The solutions can be derived by employing the first-order analysis of transport, which is formally valid for 
low/medium heterogeneity. Hence, the probability density function (pdf) of the plume length can be evaluated. The 
pdf is function of a few relevant parameters, like e.g. the Peclet number, the anisotropy of the porous formation and 
the ratio between the initial concentrations of the electron donor and acceptor. The solution provides a simple tool to 
evaluate the longitudinal size of the plumes undergoing biodegradation, which can be used for a first screening of the 
contamination process. 
© 2013 The Authors. Published by Elsevier B.V.  
Selection and/or peer-review under responsibility of the Scientific Committee of the conference. 
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1. Introduction  
Bioremediation and natural attenuation are biological processes where microorganisms, naturally 
present in the groundwater, metabolize organic contaminant producing inorganic material [10]. While the 
natural degradation is an attractive technique for its effects and costs, on the other hand involves long 
times and large areas. Plumes originating from old contamination events can reach the steady state; most 
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of the previous works dealing with field investigation (eg. [9, 17, 22] ) suggest adopting the steady state 
models to catch the key features of the transport processes. Our interest is on the derivation of simple 
analytical solution, which are important for a quick estimate of the plume characteristics; such simple and 
quick estimates are important for several practical applications related to contaminant transport, like e.g. 
risk assessment or the assessment of the areas subjected to contamination. The majority of the previous 
analyses on the subject have dealt with homogeneous formations (eg. [14, 5, 16]), and only a limited 
number of papers have analyzed - mainly for transient plumes - reactive transport in heterogeneous 
media, usually with a stochastic approach (e.g. [7, 3, 20]). 
The plume degradation occurs where the contaminant is mixed with the other compounds; mixing is 
triggered and enhanced by spatial heterogeneity, which indeed plays a fundamental role. Following the 
experimental evidence, the hydraulic conductivity K is assumed as normally distributed space random 
function, characterized by its first two statistical moments. Under steady conditions, transport is ruled 
principally by the lateral and vertical spreading, and deterministic transport can be safely assumed in the 
longitudinal direction [23]. The Peclet number Pe plays a crucial role in the mixing processes and 
bioremediation, as will be shown in the sequel; Pe is defined as  Pe=Ix/ T, where Ix is the longitudinal 
integral scale of K and T is the transverse pore-scale dispersivity. Typical values for Ix and T are 
respectively meters and millimeters, the resulting Pe being around Pe=O(103). 
Scope of the present work is to analyze the length of a steady plume undergoing bioremediation. 
Transport is solved by the well-know and widely employed first order approximation approach ([6], [11], 
[18]), valid for low heterogeneity ( <1). Along the stochastic approach, all the structure and flow 
related variables are treated as random variables; hence, the plume length is also a random variable and its 
main statistical properties are studied here. The complex chemical and biological processes involved in 
the biodegradation are schematized adopting an instantaneous, single bimolecular reaction. Those  
assumptions allow developing relatively simple solutions, although the neglect of  anaerobic processes 
may overestimate the plume length. The assumption of instantaneous reaction is supported by the 
numerical investigations presented in [4] and [17], showing that the limiting factor for natural attenuation 
are the vertical and transversal mixing rather than the reaction kinetics. However, the adopted 
approximations can be justified considering the uncertainty on the site characterization and on the 
biological processes involved. 
2
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2. Mathematical Framework  
Water flow takes place through a 3D natural porous formations. The mean flow is uniform and the 
reference system (x,y,z) is such that the longitudinal direction x is aligned with the mean velocity U. The 
random log-conductivity Y=lnK is assumed as normally distributed (Y=lnK  N[KG, Y ]) with 2-point 
covariance CY. The covariance structure is assumed axisymmetric, as suggested by field evidence (see for 
example tab. 2.3 in [18]), with Ix=Iy>Iz where Ii is the integral scale in the i direction. Thus at second 
order the medium is characterized by the four parameters (KG, , I2Y x, f=Iz/Ix), with f the anisotropy ratio, 
which is typically O(10-1) [18]. 
The contaminant is continuously released over the area A0=L2 x L3 placed at x=0; the contaminant 
concentration CD at the injection plane is assumed as constant and equal to .Transport is governed by 
macrodispersion and pore scale dispersion. In the large time limit the process tends to a steady state and it 
is governed principally by the transverse and the vertical components of macro- and local dispersion. 
0
D
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The contaminant (hereinafter denoted with the subscript D) acts as electron donor, and, if all the 
needed substrates are available, it reacts with the electron acceptors (subscript A) which are naturally 
present in the groundwater (oxygen and nitrate); the two combine to determine the product (subscript P). 
The complex reactions between D and A are schematized through a single bimolecular irreversible 
reaction 
fAfDf PAD   (1) 
with fi the stoichiometric coefficients of the i-th specie. Assuming a constant porosity, the local 
description of the process is outlined by the following Advection-equation-reaction differential equations 
for each specie [23] 
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where u=(U, u2, u3)
 
is the local velocity, Ci is the concentration of the i-th specie and r is the reaction 
rate. The transversal and the vertical component of the velocity (u2, u3) are random variables; hence the 
concentrations and the reaction rate in (2) are also random variables. In Eq. (2) the longitudinal dispersion 
has been neglected and identical transversal and vertical diffusion parameters have been assumed for all 
the compounds (see, e.g., [23]). The reaction rate accounts for the reaction between the two species D and 
A; regardless of the particular mathematical form, r varies in space as function of the two concentration 
CA and CD. The boundary conditions are: 
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Dividing each of equations (2) for the relative stoichiometric coefficient and subtracting the first 2 
equations we obtain 
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The above expression describes the fate of conservative solutes, i.e. reaction has been filtered out, leading 
to a considerable simplification of the calculations. Recasting the problem in dimensionless variables 
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(x1=x/Ix, x2=y/Ix, x3=z/Iz, Peii=UIx/Dii, u’=u/U) and introducing the dimensionless non-reactive 
concentration 
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we obtain from (4)  
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and the boundary conditions (3) become  
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The concentrations of the two compounds CD and CA require a definition of the reaction rate. For 
simplicity we adopt an instantaneous irreversible reaction [5, 14, 8, 15], for which the two species cannot 
coexist, being 
ADCC   (9) 
Both the concentration fields CD and CA can be obtained solving the system (6, 9), which yields 
*;)1/1(1
;
*;0 00 zzzCzzC A
A
D
D
*;0*;)1( zzCzzzC  (10) 
where is the reaction parameter  
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1* 1zz   (12) 
The solutions for CD, CA along the previous lines require the statistical characterization for the 
dimensionless variable z. The latter is analysed through the first-order Lagrangian approach, as explained 
in the following. 
3. Stochastic Lagrangian Framework  
A brief recapitulation of the solution for the steady state concentration is provided here; a more 
detailed description is found in [23]. The trajectory X t of the generic particle is split in two different 
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components X t=X+X’, where the first one is related to the Darcy scale advective flow while the second 
accounts for two different phenomena: molecular diffusion and the pore scale dispersion, which are here 
combined as Pore Scale Dispersion (PSD). For simplicity X’ is modelled as Wiener process with isotropic 
dispersion coefficients Dd,ii= iiDd.  
The particle originated form the area da in a (a  A0) moves along the total trajectory X t; The 
concentration  pertaining to this particle is drastically simplified by neglecting the longitudinal 
dispersion/diffusion and assuming a deterministic longitudinal transport x1=Ut , as previously discussed 
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The concentration z at the Darcy scale in x is obtained by averaging  over the PSD term X’.  
Assuming that the Y field is low heterogeneous ( <1) the general framework is further developed 
along the First Order Approximation (FOA). The statistical moments of the concentration z can be carried 
out by averaging over the trajectories X
2
Y
t. This operation is simplified by the lack of correlation of the 
trajectory components Xt2, Xt3 [6]. Under the first order assumptions the linear relation between the X and 
the Y allows to set the trajectories pdf as Gaussian or Multi Gaussian. The complete characterization of 
the fXi and fXtiYti is obtained introducing the statistical moments of the trajectories X t. The trajectory 
covariances X tii and the autocorrelation ii require a significant computational effort and a few numerical 
quadratures [11, 12]. The assumption Zii(a-b) Zii(0) introduced by [12] and discussed in [21] allows a 
great simplification, but some numerical quadrature are still required. For the complete analytical 
derivation the reader is sent to [23], and we reproduce here the final relations 
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In the following step, the solute local-concentration probability density function (pdf) is defined 
through the Beta distribution. Fiori [13] suggested that this distribution provides an useful assessment of 
the local scale concentration, and subsequently Bellin and Tonina [2] and Schwede et al. [19] supported 
this assumption with numerical and experimental tests and applications.  
The z pdf is defined by matching the mean and the variance of the Beta distribution with the solute 
moment estimated by (14) and (15). The resulting pdf fz and the associated cumulative distribution 
function (CDF) Fz are written as follows 
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where B( ) is the Beta function and Iz( ) is the Incomplete Beta function [1]. 
Inserting in (17) the moments of z (14, 15), and using the first of Eq.(10), we finally obtain a complete 
statistical characterization of CD, which is needed in order to compute the statistics of the plume length. 
4. Plume length distribution  
The plume length generally refers to an arbitrarily fixed concentration of the electron donor occurring 
along the plume centerline CD(x1,0,0)=CD*. In homogenous domains CD has a deterministic spatial: 
moving along the plume centerline, CD decreases monotonously from the injection value CD0 to 0. 
Contrary to the non-reactive case, the null concentration is reached for finite distances. Consequently the 
plume length was determined in a few works [e.g. 15, 5, 14] as the maximum distance where CD=0, as 
follows 
**
1
)(0)0,0,( 1 zzLzLzLC HHHHHD  (18) 
where LH is the plume length for a homogeneous domain and zH is the concentration of a non-reactive 
plume, obtained substituting deterministic parameter in (2). 
The definition of the plume length is more complicated in heterogeneous domains where the 
contaminant moves erratically. The higher permeability zones attract most of the contaminant making the 
biodegradation less efficient whereas the low conductivity formations need smaller quantities of electron 
acceptor to degrade the electron donor. In other words if we move along the plume axis the local 
concentration varies non monotonically, and it depends on the streamlines which are encountered. 
Due to the linear relation between CD and z (Eq.10) the cumulative distribution function of the electron 
donor concentration CD can be written as follows  
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The previous equation provides a finite probability for CD=0, obtained for z=z*, in any point of the 
domain 
xx *;);0/( 0 zzFCCF zDDCD   (20) 
Eq. (20) provides a probabilistic description of the occurrence of CD=0, and therefore it allows 
determining the statistical characterization of the plume length, generalizing the homogeneous 
formulation Eq.(18). We compute the plume length by defining the cutoff probability P* to encounter 
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CD=0. The cutoff P* expresses the probability to find plume fingers of length smaller than LP, and 
therefore it reflects the degree of confidence which one wants to adopt in the plume length 
characterization. The higher P*, the smaller is the probability to find contaminant beyond LP. This way, 
the length of the plume LP is determined as the maximum distance (along the x1 axis) between the 
injection plane and the point where the probability P(CD =0) is equal to the specified cut-off value P*, as 
follows 
 
PCPPzPDC LPFLPLzzFLCF DD *;**;);0(
1
0        (21) 
 
The results obtained along the above procedure are discussed in the next Section. 
5. Discussion  
We discuss some results for the following set of parameters: f=0.1, =0.1-1.0, =0.01-0.05. The 
selected anisotropy ratio reflects typical values encountered in the natural porous formations (see [18]), 
while the higher variance constitutes a presumed upper limit of the FOA applicability. For consistency 
with the assumption a-b 0 the dimensions of the injection area are small, i.e. L
2
Y
2 2
2=L3 =0.1Ix; other sizes of 
A0 produce similar results with the obvious differences of slower/faster dynamics for larger /smaller 
injection area.  
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Fig. 1. The plume length LP, evaluated by Eq.(22), as function of Pe for =0.01, =0.1-1 and for a few values of the probability 
cutoff P*=0.80, 0.90, 0.95, 0.99. 
2
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The Figure 1 investigates over the effects of the heterogeneity on the plume length LP while the 
reaction parameter  is kept constant. The plume length as function of Pe is showed for the 2 selected 
heterogeneity degrees levels and for 4 values of the cut-off: P*=0.80, 0.90, 0.95, 0.99. Obviously, a 
higher P* determines a larger LP. The increasing mixing resulting from lower Pe determines a more 
efficient biodegradation and hence a smaller LP. The purely advective case (Pe= ) leads to a divergence 
of the plume length, as mixing is absent in absence of PSD (see [23]). 
The heterogeneity exerts its effect by the vertical and lateral trajectory covariances, the general 
enhancing of the spreading with  increases the biodegradation; as result the plume is shorter for the 
higher values of Y . The differences between the 4 curves relative to the four P* are smaller for Y =0.1, 
this is due to the smaller variances of the z distributions in the =0.1 case, which is a consequence of 
the reduced mixing operated by the small degree of heterogeneity; this features is clearly visible in figure 
2
Y
2
Y
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2 where the CDFs  pertaining to the case Pe=1000 are reproduced for the 2 cases 
=0.1-1. We emphasize that for homogeneous formations the plume length has a deterministic value.  
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Fig. 2. The CDF of the nonreactive concentration z evaluated by the 2nd of Eq.(16) in (LP ,0,0). The plume length refer to the cutoff 
values P*=0.8-0.99. Other parameters are Pe=1000 and =0.1 . 
The effect of the reaction parameter  is showed in Figure 3. When the ratio between the electron 
acceptor and the electron donor is high, i.e. for increasing the biodegradation is faster. This features is 
showed in Figure 3 where the plume length LP pertinent to =0.05 is always shorter than that relative to 
=0.01. 
The comparison between the heterogeneous and the homogenous model (for the sake of comparison 
the trajectory moments are the same as the heterogeneous model) is also displayed in Figure 3 (dots). The 
comparison indicates that the homogeneous model typically underestimates the plume length LP; this 
feature acts as a warning against the use of the formulae for homogeneous media, and shows the 
advantages of adopting a probabilistic/stochastic approach to the problem. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. The plume length LP, evaluated by Eq.(22), as function of Pe for =0.01-0.05, =1 and for a few values of the probability 
cut-off P*=0.80,0.90,0.95,0.99. The dots represent the plume length L
2
Y
H for homogeneous model (Eq. 18). 
The above results strongly depend on the evolution of the CD distribution, that is linearly related to the 
the z distribution, as previously discussed. As an example, Figure 4 shows the evolution of the CDF of z  
while moving on the x axis. The following considerations can be made after inspection of Figure 4: 
 the initial CDF (for x=0)  is an Heaviside function centered in z=1; 
0.0
0.2
0.4
0.6
0.8
1.0
05 0.01 0.015 0.02
FZ
z
0 0.0
(z;LP /Ix)
P*=0.80, =0.1
P*=0.99, =0.1
P*=0.80, =1.0
P*=0.99, =1.0Y 2
Y
2
Y
2
Y
2
Pe=1000, =0.01
z*
0
250
500
750
1000
1250
1500
100 1000 10000
LP /Ix
Pe
2
Y =1
P*= 0.99 P*= 0.95
P*= 0.90 P*= 0.80
=0.05
=0.01
Homogeneous
0
500
1000
1500
0 5000 10000 15000 20000
641 A. Zarlenga and A. Fiori /  Procedia Environmental Sciences  19 ( 2013 )  633 – 642 
 close to the injection area the transport process is mainly advective, the solute is slightly diluted, and 
the CDF turns into a bimodal distribution; 
 far from the injection area A0 the pore-scale dispersion exerts its influence on transport, triggering 
mixing in the medium, and the CDF turns into an unimodal distribution; 
 finally, at large distances z and 2  tends to 0 and the CDF tends to an Heaviside centered at z=0. Z
We emphasize that the stage 2 may not take place when Peclet is very small. 
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Fig. 4. The CDF of z for Pe=10000,
 
=1, L=0.1I2Y x evaluated in few point of the axis (x,0,0)  
6. Conclusions  
We developed an analytical framework to derive the length of a steady bioreactive plume in 3D 
heterogeneous formations. K is modelled by a second-order stationary random field lognormally 
distributed, characterized by parameters KG, , f, I2Y X. Mean velocity is uniform and aligned with the 
principal direction of anisotropy. The complex interactions between the contaminant and the compounds 
naturally present in the groundwater are modelled by a single instantaneous reaction between the electron 
donor (contaminant) and the electron acceptor (oxygen and nitrate). The steady- transport problem is 
solved by adopting the first order approximation approach (FOA). The core of the procedure is that the 
contaminant concentration CD can be derived from that pertinent to a non-reactive solute z developed 
along the FOA by [23]. Assuming the Beta distribution for CD the plume length LP is defined by fixing a 
cut-off on the probability CD =0. The main results of the present study can be summarized as follows. 
 Biodegradation is enhanced by dilution, the plume length being proportional to the Peclet number. The 
steady state process, as in the non-reactive case, mainly depends on the lateral and vertical spreading; 
hence the Peclet number plays a fundamental role.  
 Heterogeneity exerts its effect through the lateral and vertical trajectories covariances; higher 
logconductivity variances (i.e. higher levels of heterogeneity) increase the spreading and makes the 
mixing and the related bioremediation process more efficient, resulting in a shorter plume.  
 The homogeneous model typically underestimates the plume length. 
 The ratio   between the acceptor and donor concentrations strongly influences LP, obviously a larger 
concentration of the acceptor leads to an increased biodegradation and consequently a shorter plume 
length. 
 A probabilistic approach for the LP determination is proposed. The approach is based on the cutoff 
probability P* to find contaminant withing LP, reflecting the degree of confidence which is adopted in 
the plume length characterization. The plume length LP strongly depends on P*, especially for the 
higher heterogeneity levels. It is shown that the classic approach based on the homogeneous model 
typically underestimates the plume length. 
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